The dynamics of inviscid multi-component relativistic fluids may be modeled by the relativistic Euler equations, augmented by one (or more) additional species equation(s). We use the highresolution staggered central schemes to solve these equations. The equilibrium states for each component are coupled in space and time to have a common temperature and velocity. The current schemes can handle strong shocks and the oscillations near the interfaces are negligible, which usually happens in the multi-component flows. The schemes also guarantee the exact mass conservation for each component, the exact conservation of total momentum, and energy in the whole particle system. The central schemes are robust, reliable, compact and easy to implement. Several one-and two-dimensional numerical test cases are included in this paper, which validate the application of these schemes to relativistic multi-component flows.
Introduction
In recent years, relativistic gas dynamics plays an important role in areas of astrophysics, high energy particle beams, high energy nuclear collisions, and free-electron laser technology. The equations that describe the relativistic gas dynamics are highly nonlinear. For the practical problems, it is difficult to solve these equations analytically, therefore numerical solutions are perused. Several numerical methods for solving relativistic gas dy-
Multi-Component Relativistic Euler Equations
For simplicity, we assume a model of mixture of two gases. An extension to more components is analogous. Let 1 2 ρ ρ ρ = + denotes the total density of a mixture, with 1 ρ and 2 ρ as the rest mass densities of the first and second components, respectively. Also let 1 Y and 2 Y be the mass fractions of the first and second components.
We assume that both components are in thermal equilibrium and are perfect gases with specific heats at constant volume 1 v C , 2 v C , specific heats at constant pressure 1 p C , 2 p C and ratios of specific heats 1 γ , 2 γ . By standard thermodynamic arguments, the ratio of specific heats γ of the mixture of gases is 
where ( ) , 0, ,3 , µ ν =  and µ denote the covariant derivative with respect to coordinate x µ . Furthermore, u µ is the four-velocity of the mixture, and T µν is the stress-energy tensor, which for a perfect fluid can be written as . 
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where ε is the specific internal energy. Note that we use natural units (i.e., the speed of light 1 c = ) throughout this study. In Minskowski space time and Cartesian coordinates ( ) 1 2 3 , , , t x x x , the conservation equations given in Equation ( 2) can be written as ( ) 0, 
The six conserved quantities   1  2  3  1  2 , , , , D D S S S and τ are the rest-mass densities of the two components, the three components of momentum density, and the energy density (measured relative to the rest mass density), respectively. They are all measured in laboratory frame, and are related to quantities in the local rest frame of the fluid (primitive variables) through the relations 2  2  1  2  2  1 , , , , 
Note that
The system of equations in Equation (5) along with definitions in Equations (6)- (8) is closed by mean of an ideal equation of state (EOS) as given below ( ) 1 .
We denote by s c the sound speed, defined by
where s is the specific entropy, which is conserved along fluid lines. For EOS under consideration the speed of sound can be written as 1 2 .
The Mach number of the flow is due to Königl [33] . 1 1  1  2  2  2  2 , , , , , , 1, 2, 3.
The 
From the above equations p, ρ and i v can be obtained by first solving an implicit function of pressure whose zero represents the pressure [7] [34] . We have to find the root of the equation
with ( ) ( ) This approximation tends to the exact derivative when the solution is approached. On the other hand, it easily allows one to extend the present algorithm to general equation of state [34] .
One-Dimensional Multi-Component Flows
Here, we are looking for spatially one-dimensional solutions of the two-component relativistic Euler equations. We only consider the solutions which depend on t and 1 x x = and satisfy ( )
,
The three dimensional system in Equation (2) then reduces to
with the conserved variables w and fluxes f given as , ,
where 
From the above equations p, ρ , and v can be obtained by following the same procedure as given in relations (8)-(11).
One-Dimensional Central Schemes
Let us begin by introducing the well-known first order Lax-Friedrichs (LxF) scheme for one-dimensional conservation laws. This first order scheme is then extended to a second order central scheme, see [30] . We consider a piecewise-constant initial data, 
Extension to Higher Order
Starting with a piecewise-constant solution in time and space, ( )
where
w abbreviates a first-order discrete slopes, see Figure 1 . A possible computation of these slopes, which results in an overall non-oscillatory scheme (consult [30] ), is given by family of discrete derivatives parameterized wit 1 2
Here, ∆ denotes the central differencing, 
This interpolate, is then evolved exactly in time and projected on the staggered cell-averages on the next time step,
Consider the balance law over the control volume 
The averaging of the linear data in Equation (26) at
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So far everything is exact. Moreover, the Courant-Friedrichs-Levy (CFL) condition guarantees that 
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Putting Equation (31) in Equation (30), we finally get
By Taylor expansion and the conservation laws in Equation (19), we have
This may serve as our approximate mid-values 
, .
f w are computed by applying the min-mod limiter to each of the component of f, i.e.,
Here, ∆ denotes the central differencing,
, and MM denotes the min-mod nonlinear limiter given by Equation (28) . This component wise approach is one of the main advantages offered by central schemes over corresponding characteristic decompositions required by upwind schemes [30] [31]. It is important to emphasize that while using the central type LxF solver, we integrate over the entire Riemann fan, which consists of both the left and right going waves. On the one hand, this enables us to ignore the detailed knowledge about the exact (or approximate) generalized Riemann solver. On the other hand, this enables us to accurately compute the numerical flux, whose values are extracted from the smooth interface of two non-interacting Riemann problems. In summary, this family of central differencing scheme takes the easily implemented predictor-corrector form, 
Two-Dimensional Multi-Component Flows
Here we are looking for spatially two-dimensional solutions of the multi-component Euler equations. We only consider the solutions which depend on t,
, ,
The
Here, 1 1  1  2  2  2  2 , , , 
, , 1, 2.
.
From the above equations p, ρ and i v can be obtained by following the same procedure as given in Equations (7)-(11).
Two-Dimensional Central Schemes
To approximate Equation (36), we begin with a piecewise constant solution The arguments applied to the one-dimensional case can be easily extended to the higher dimensions. In the following, we will abbreviate to denote the normalized integral, i.e., normalized over its length, area, etc. 
As given in Figure 2 , the first integral has contribution from the four cells 
A Second-Order Extension in 2D
A two-dimensional extension of the second order central scheme was introduced in [31] . As in one-dimensional case, this staggered scheme can be viewed as an extension to the first-order LxF Scheme. A piecewise-linear interpolant is reconstructed from the calculated cell-averages at time 
Here , x i j w and , y i j w are discrete slopes in the x-and y-directions, respectively, which are reconstructed from the given cell averages. To guarantee second-order accuracy, these slopes should approximate the corresponding derivatives, 
Here MM denotes the min-mod nonlinear limiter given by Equation (28) . This guarantees that the corresponding piecewise-linear reconstruction in Equation (45) . Similar to one-dimensional case, the construction of the central scheme proceeds with a second step of an exact evolution. The integration of Equation (36) 
Continuing in a counter clockwise direction, we have ( ) ( ) 
By adding the last four integrals, we find that the exact staggered averages of the reconstructed solution at 
So far everything is exact. We now turn to approximating the four fluxes on the right of Equation (48), starting with the one along the east face (consult Figure 3) , i.e.
( )
, , d d . 
and, for the reasons to be clarified below, we use the second-order rectangular quadrature rule for the spatial integration across the y-axis, yielding ( 
In similar manner, we approximate the remaining fluxes,
g w t x y x t g w g w 
The fluxes in Equations (54)- (57) 
In summary, we end up with a simple two-step predictor-corrector scheme in Equations (58) where the computational domain is 0 1 x ≤ ≤ with 400 mesh points. This problem was first considered in single-component case by Norman and Winkle [36] . The flow pattern is similar to that of problem 1, but more extreme as shown Figure 5 . In case of 4000 mesh points the relativistic effects reduces the post-shock state to a thin dense shell with a width of only about 2% of the grid length at t = 0.35. The fluid in the shell moves with The velocities are zero everywhere. The specific heat ratios for helium and air are 1.67 and 1.4, while specific heats at constant volume are equal to 1 for both air and helium. The solution consists of a circular shock wave propagating outwards from the origin, followed by a circular contact discontinuity propagating in the same direction, and a circular rarefaction wave travelling towards the origin. The results are shown in Figure 7 for 400 mesh points at 15 . 0 = t . Problem 5: A 1.16 Ms = shock wave in air hits a Helium cylindrical bubble: In this example, we introduce a single planar shock, moving in the air, with a cylindrical bubble of Helium. A schematic description of computational set-up is shown in Figure 8 , where reflection boundary conditions are used on the upper and lower boundaries, while out flow boundary conditions on are used on the left and right boundaries. The bubble is assumed to be in both thermal and mechanical equilibrium with the surrounding air. The non-dimentionalized initial data are Here, we consider a helium gas with high pressure in a small box of sides length 0.2 at the center of a large box of unit length containing air. The outer box has reflecting walls. Initially the velocities are zero. The pressure of helium gas is equal 1000 and density equal to 1, while air has pressure 10 and density 1. The specific 
Conclusion
A high-resolution staggered central scheme was applied to solve the relativistic multicomponent flow equations. The equilibrium states for each component are coupled in space and time to have a common temperature and velocity. Several case studies of the one-and two-dimensional flows were considered to validate the schemes. It was found that the suggested schemes have capability to resolve strong shocks without spurious oscillations. The schemes also guarantee the exact mass conservation for each component and the exact conservation of total momentum and energy in the whole particle system. The central schemes were found to be robust, reliable, compact and easy to implement for such complicated model equations.
